Modern approaches to quantum gravity

Solution 1 Fall 2025

1. The variational principle of General Relativity

(a) This follows from d(v/=99" R,) = 6(v/—9)R + /—9R,,6g" + /—gg" R, and
5(\/ _g) = T3V _gguuégw/‘

(b) This follows from some straightforward algebra after plugging 6Ffw inoR
arguing using normal coordinates.

w, Or from

(c) Expanding g,, = v, + €n,n,, one obtains that the n,n, terms cancel out and

€

167G

0Sgn = e.o.m. + /dd_lxﬁ(n’\v“”vyégw — YV 00 G, (1)

Using the Dirichlet boundary condition, the first term vanishes and we obtain the
desired result.

(d) After straight-forward computation,
€

K., =V, +V,n, — 5

(nunfVpny, +n,nV,n, +n,n,V,n’ +n,n,V,n") (2)

The last two terms vanish because n,Von? = V4 (n,n?) =0
(e) Using the hint,
V., =V, )V, f+aV,V,f = énuvua +V, V. f (3)
Thus,
vV, —Vyn, = é (n, Voo —n,Vya) (4)
Also, using n, = aV,f,

n’\nyV,\nH = n’\nl,(VAoz)Vﬂf + om)‘nl,VAVuf
= n’\ny(vka)Vuf + n’\nyvu(av,\f) - n’\ny(Vua)V,\f
——

1 1
= —n,n,n " Via — —en,V,a
0 I
Q o

where in going from the first to the second line we interchange the A and p derivatives

of the second term and introduced « in the first derivative, and from the second to
the third we used n*Vn, = 0 and n*V, f = én’\n,\ = ée. Thus,

1
e(n’\nyv,\n“ - n’\nMVAnV) = —an,,vua + anﬂvy& (6)
since €2 = 1. This is precisely the opposite of , giving the desired result.
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(f)

We have

K =¢"K,, =Vin, — en’\n“V)\nu

= g¢"'Vyn, —enfn"V,n, = WVHVl,n“

(7)

With Dirichlet boundary conditions, the only varying quantity is V ~ 0 + I'. The

derivative piece 0 does not vary under metric variations, thus

1
0K =~",0l nf = §np7”TVp5g,,T

(8)

where in the last equality we used oI}, = 20" (V09 +V 1090 — V:04,,), the first

and third contribution cancelling each other.
To recap, we’ve shown in part (c) that,
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0Sgn = e.o.m. —

/dd_lxﬁn’\v“”Vﬁguy
and in part (f) that,
1
OK = 5"V A0g,

Thus, by defining
€

— d—1
SGHY = 87TG /d l‘ﬁK

We have that with Dirichlet boundary conditions, d(/7) = 0 and thus,

€
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5SGHY == /dd_lxﬁn)‘W“VVA(SgW

which cures the variational principle of GR,

= €.0.1m.
09u,=0 on the boundary

d(Sen + Scuy)

(10)

(11)

(12)

(13)



2. Spacetime energy

(a)

On S? we will use capital indices we have the metric oap = diag(r?,r?sin?(#)). The
normal vector at any point, living in the 3D space %; is

QM)

r
Here capital indices denote objects living on S?, while normal latin indices denote
objects living on ¥; Therefore, the extrinsic curvature K is

SIS

@) = (1~ 2+ 06 )(@r) (14)

1 1 2 M
K = §O'AB£0(0'AB) = §O'ABO'ra,,O'AB == ;(1 - 7) (].5)
Subtracting the contribution from Minkowski space, we get K — K = —2r—]¥, and
we can compute the integral
1 2M
Eapy = —— lim (47?7“2)(——2) =M (16)
T r—00 r

The term containing the momentum 7% can be neglected since N; is exactly zero in
these coordinates.

As explained in the exercise statement, under an arbitrary transformation, the La-
grangian density £ has to transform as

L = E6¢ + 9,(0"(5¢)) (17)

since [ d?zdL should vanish on-shell (when £ = 0). Moreover, under a generic
symmetry d, (it may be a local symmetry), the action needs to be invariant, meaning
that the Lagrangian variation needs to be a total derivative, namely

0L = 0,M"(e) (18)
Specializing to a symmetry transformation o = J., we obtain the equation
Eép + 0,0" = 0,M" (19)
meaning that when £ = 0, the equation can be written as
0=0,J"=0,0"—-M") (20)
where we identified the Noether current J* = O# — M*.

Now we will specify to Einstein-Hilbert gravity and compute the Noether current
associated to diffeomorphisms d;. Under infinitesimal diffeomorphisms z# — z# +
&H(x) we have,

0L = &L, Oeguy = Vuby + Vil (21)
Thus,

1
0¢(V9L) = V9§ L + 5 L\/99" d¢ Gy

— \/gg"c‘)uL + \/ELVMSN (22)
= V98" 0L + LOu(/9€")
= 3M(\/§§”L)
We deduce that ]
M* = /GE"L = ———= \/GRE" (23)



(d) Under arbitrary transformations 0 we obtain, as in exercise 1,

0S = ec.om. + ﬁ de 2\/gV (g AN G — 9V 0G1)

1
= e.o.m. + /ddx(% JGTG\/E@MVV(;QW — ¢"'V*0g,)

>

_or
(e) First it is useful to rewrite © using
glmvy(sgmz - QWV“@W
= V'VHe, — VIV, ¢ (25)
=g R 6 = RIE

where in going from the second to third line, we used the defining property of the
Riemann tensor,

V, ViV, =V, V.V, =R\, Vi
We thus get, using , and ( ., that

Jt=0F — 1(\5/_G(R“ £ — REY) (26)

Using the Einstein tensor G, = R, — %gwR to get rid of the R dependence, this
can be written as

V9
o _pp eV woev
Using (25)), we can also write this as
7= G, (v - vre) 20, (28)
167G

as claimed.

(f) The Komar mass is

Bl =g / VI 105V, — V%)

1
47rG

(29)
\/E nao-bvagb

where in the second line we used Stoke’s theorem on X, and we used that £ is an
asymptotic Killing vector so that V?¢, = —V,£° at infinity. Note that the allowed
diffeomorphisms are those who preserve the Dirichlet boundary conditions d¢g,, = 0
on the boundary. This is why &* needs to be a Killing vector asymptotically.

On a curved spacetime, a timelike Killing vector generalises the usual concept of
time translation generator. j¢ represents the associated Noether current and Fj, the
associated conserved charge, i.e. energy.



(g) Using n =& = 0y, 0 = 0y, the formula above gives

1

By =——
k 47TG oy

\/E nao—bva&y

4G = r—o0

=M

lim (47r%)(T%) = Tim (r2) 1

r2

(30)



